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- ‘A wher AAT=-A'A = Xdenkiby makeix

- I+ Al +1 s 8t 25 alled oo oo Rototfon moatrfy S models +otatfon

[Al = -\ % colled os Reé\ed:?on mol:r‘.’,() models reqkle.d:‘?un + robotfon . They asa also
Symm&\:-?c.

— Leks &-‘.‘n& the Level gebe &or He mulbvasists. aa.u:;s?an. We stasd d-mm sPed’aL Capes and bulld

upko aene,u:-l. copess -

(-]

Covel — =0 Q@OPH-cGonaL

> X=AW = pO= _L exp(_osx-‘_x) > some a» W |
@™
. TR % also oL zeso mean Eol:rop?a Ml vasdalse SQJ.LDS?O.]\“_ Tre Pdd’ 3 urcho.nded,

becoune A can efthes rbbub&/ regleck plW) . Bt kecaune pW) 3y gphedeal

® rencdns u.ndurﬂed.

Cose?- o0, A » Squow d?a.ﬁml. with +ve entrfes

X=AW = p- L __. 05X A X m the Jormala.
P Q-“:)% |detry Q%PL ) g~ (}o

. Grapl"\fca.“y_, the valur o&. Xe= Ayl g mean‘fnj each dimensfon  p arnp\‘\'d,'-’ed by a_ fector

af Aic. WM, the pd} & Zewo mean antsotrople tn mbwa
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Core -

Recall-

. Nr.canexlzmdﬂ—\kc:::aed-u.w.l:l'ez. Suppose. A =RS when. S S d:’aom\ and R

orthogoral T rakure.
Wrthout sobving, We con £ee thak p(X) &b Su,;c mtn.l-_-?rs the p&) whew X'=SW
by R,|D Hence, it & sBill Zesw mean Anisebnpfe I mabuwne .

HO(DCLLTLJ .I:a- S - KT > PQQ) S (frcu.[n}l_ = PL)() = PLX') l

Genenal coxe

© We've oirf_ady aoted that C = AAT 8= sxlmmetr-'-’c_, ond Pos‘;‘-t‘;’ve &m?—de&‘.’n"u& T rotwen .
However,, we shall Lok ok the comen whe. C & positive de(}-'n'.’te.

@Jhen Ci» serd-dely C Ssnct Srverdtfbe CQ_u.z:'u’na Pr‘DUQMb)

Av = A0 = for o column Nedme s A Se Called the Corresponding efgen valua .
. TR & possibe Tl A So d‘:aaon?.mb\e = % o Smilox o oo d'u’n.k:PmL madrix
5> FP whih & Svedite and dlagendl O
st P-'HP =D

+ T A So dlageriaghle , buk & Soverdible, 2k &n then called 0> @ " Dejockitve Mokrix”,

Theorem - Eveny suol Symmetste makrfx Sb d?aﬂon‘i&?bb b7 on OPH-oaonaL Mok rPx . Tt hox N swal ﬁﬁm

Vol with N - Breesly Endependant GRS vertors — Speckrol Theorem
~ Poplien for C 3 0n St S sk & symmebric .
- In mothematfeol tenms -
T} C % suol Sgamerte = >V, VN=VV'= T gnd V'LV = Diagenal makeix
also; N-&%en voluay, N-Lf- Efqen Neckors, .

Bd:erd."-—j SPed:roL%, T} C 8> a Pos'u’i:?ve de(ln"nﬂ:t rokrix <, al the g?\«]eo volues one po cHve.
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- Qelzunn?rﬂ to e or?a?rd quantfon ca_d»?nd‘-’rj Level sets:-

P = exp (-05 (Fp' C (x-fo)

|
@1‘)9’1 |c|‘)“
. From the spectral theorem, C=VTDV=> C'=VD'Vac & PD
+ Eveny level sek has (¥ (%)= Corstort 20 o €' %5 ol=o PD
-
> (0 VT DV > B(x—pﬂ D' [View) - o 20
V & ortregnal 3 Vx-p) = X'=p' by chorging the axes

> G T (X = o
- The centor S ot P‘I 2 the Pew rooted S)/s&em‘

T dhe pew Syt re half-lorgths Gsa. oot o agoml Llements of o

D&&."no_ A ox d‘n.aoncl Sruorne with A= &D;;)\/l and Loritte pdd» ta aet s pd.d—&aofr\(
Q
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&mﬁ?mL PorF &or MultPvos ioke %C‘U-LDSOIOT‘

(=)

Tre maxgal. pryp olonq any dmensn sholl be  urivordate qusstan & notuwae. This can be seen
from the deéfn'l’{:?cr\ o X=RAlrp

More 3ene>nally , we can also Soy that the mulbfvasdate Pdd' od. O- Sulosets

o} rondom vas§ableg oa —IjtaOJ.LDStOQ_nJ would alre ke acw.hs?ani

— Hoveevese, mcm%?r-o.L Pdotg Fow?na aaubs?an d%strbution dont ?mpl7 Eo?ht Fi&, NS am%?m

a

= Condthorol pdf Jor multfvaxioke quuusdan

Defined. Shatlorly as be.&ore_') P(xixa=x) = PXuXa® | Tre cord®on could exen be

'P Xa=39
C pLx“x,L; A+ BY, = C)

+ The condibfomol preboability O Scums?an o well|

@

* ML Estfrotfon der Pnult‘\’vcuvﬂi,t; aml_be?o.r\
- The method dor CCLlCu.l&JC?rs le and c Fermalrs the comre .
Lpon CCIJLLLQt?r‘jI'U",& valug c& ff_ coman ouk to be the Somple meon.

Youll bove to we e formala— B (' () = AE (Y
‘S

Co—vam?o.nc_n, TTDtr*?x Con also b& dau-nd U.b?n - _BE’ b(-#)l C_‘ Q(—/-Q = "C—,TQ(—}J.)(X-)L)T C:T
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+ Maholanob?s Diskanca -

Defiri ton A ) = (- €' ) = Md Y from v (&rponect poxt o} pdl)
" Tt dejfren Eucltdean dfy & o multfdimengforol spoce Ldhen C S {dentiby, d'

Jueduces tp Euelidean distarca..

—
Poperty-  Mahalarobis dfstorcr 35 o Frar diskanes mekric.

Trples 1) Tderktly of tndZconniblen & dx)=0—> -y

) Symmekry ~ dlxyd = d (%)

2 Triande tequality dluy) + dly,2) = d(»,3)

+ Ppplicotfon-Tectston boundarter
- We hrow that ol points wfth the some Mahalorebls distance Correspond  bo o Level set.
- Given two pdis — B(x; h.,CD and Pa@- SMa,Ca)  we Wi b (i?nd the matuwre

o} the crowe B (xs ..Ll\JCD - PRGLSJL‘,CA) =k

> g ()= ©

Subsk?{:u'be"ﬁ “:l"t Volug % P.JP1 :— (’('PI)-‘_C-—,'LX-pb - Lcah'—ll = QQ'}.L:)TC-: L)('}.Lz)— LDJ |C1|

5 R R - pd 6 om) = Lt
N : g —

Quochotie Cangkort

« In 2D, #s s Shwilax to He G-f+'2h9q+b\f'+... 0&- corfe Section.
- Ths Cnrf‘&spcmdfna eCLLLQt?Dn & I"P_HMA. ob ) HWmQuo.d»mt?c ECLU.OEM“ .
* When G~ Ca, the constont terwms cancel sut, yle ld."nj a " H7PU1. Plane” .

(plore, but & muliz dim.)
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* P;—?r\c?pul. Component ﬂho-l‘/STS =

o Qet of veckors s uwed ko depict vosfioton o& doto | anound the meon.
Method ~ e Constden o. rultfvasfate Vosfoble X, uhth pdd— P(X); meon J1, co-vasionce make C -
- Find 0 veckor &, ohfeh o.lonj with de‘}‘.’nes a 1D [Sre . The veckor should be Such thak the vosfance

of the Projcd:ed doto set &y the moximum.

[ 3
Linear / J o
R / /_\ He  woud Pr*eden thie ane'
\ / * A ©
T \
7\
~/ \&
Methematzole  Number Od— doto. Gets = NJ Co-vorfonct ratrix - C
Qnalys"’s
Mean = = WG pt =0 b/ Or\?an SHVLI:fnJ

2
Reqd. to maxtmiie — <i:, ") , lel=1 (v s umt veckor
e 3 IR )

N Z- (1.-'13)2 Tt <a.Jb>= ocb-ab — Lfeon Alaeb-m
N

> X ( ?ujr(i?'u)= 5 ETETT

N N
’ + C: Covasiionee
={GT Z"—:; v OTC 0 ) Med:r‘?x

- Tﬁmdm, we reed to maximize ey | e we've doe many Hmes before, we [ook a_tspec?aL comes

'H')&ﬂ %ﬁ&dfl’ a_a_,
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+ C & o Ahgenal makrix -
V)

- The problem reduces to rrnf?m"gnj wl =3 Cu L\/d)l R 2oy -1
d

let Cic be the 3@0&@1: elerentc .
5 Hhs Ob moofl'm?5ed when Ve=1

UJ;=0 J=t

= Tn P cope the Wector & & Hhe dtmenglon wfth Blﬁaebt d?aaomL g,lament/ Ei’jen Nalug

- T} we wonked arother vector o, o:~H~o<jom.L to v, ond rrnx'ﬁm‘%‘.r:j vasdanca
T

-S‘.’mpl7, we can seetot  val = Uy | TCu, w LV Js 4o be max
N

e g 0l
Lt Hhe. Same Oaxaummt ; we=1 for the second lcmje):t d?o.aonaL £\em&n‘hi

This an colled ab %Lll&mnd mode o({- \axiokion
- Lt C be o psd mabrix. We bave already

shown Hat C- QAQT wbherxa A= dfcﬂonoi.

Q = Ad J°o?r\t
joen VYector O, req’d o) r‘m.x?m?éa, viCv

- \3—'_@ )\QTG

@TD)T)\ LQTG) = W Auw  dore drco.dy(')
Wr—e, the nox-rrade dfrectfon i J."ven by md‘.’aaom(. elemert, 0n Q—SPMJJ

+ What obout profectirg onto o plone’)

A Pare 3» deql?ntd by v whew o =|el= L ond {dw-w) = O
Re‘%d avo) mPn?m?z& LL_‘C\J. + o Co = E C';;' L\-‘}.?I— + U{l) 2 4o be mm(?mtl’%a_dw
G:okfna C ko be dtagy

C%a s prosl Latesd)
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* In Sumwany il C % the co-vaniarce makrPx OOL a mulbvasiate aau.bsolch
ond T e wish to t‘ePr‘ebeI\rl; & Voo ‘N -dfmensfonal gpace s
- The spoco S a?ven b7 the e,?aen Veckors od_ I\I—L&J-zaebt E‘_‘-’aen ol |

-~ The \(&Jt?o.nce ? his %POI-O- Saa Sum o& tere e?aen Wal s .
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&r@ujmr. Volue Demmgos”:?on

lek A be an MAN motrix, &} A & swal valuwd, then A —USY ' < Sw ol A
- V& orvt}baoml OJ Sfae. NxN (v=T & A v complex)
-U & O\—'H'\oaoru\, o* Sfa-; Mx M (Ut"\: E’d— A % Complevg

- S % a d'°3°n°L of MxN - dh&:naL valuon — Sthgulas \/ohmb-a\mm/s hon-rﬁﬁc-':?ve Real
M
- Ia. MsNs3 we con write A = Zsmumw;r
Sm-dl"aﬂmal. element ; Um8p = M @lumn 0 U,V

For X =AW, ufth VD 50L A bwn Usv"

5 ﬁae,ef}aed:tilﬁml/doanbe

undetigboed an srown below.

x MotPx Norm'~

+ Let Q-rorm ol— a vector x ke - ”'Jf-ua

RSN £

|'_br &wnb-?x od— S?ag, M"NJ-H'iﬂ norm g.b ﬂloveh tv RA“;= 'Rll()
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+ Geometrieally, we con toke llzfp=1 wlog - By SVD, we con thirk that A would convent
the "cfcle” lxll,=1 to an elepse. The max dtanca Q]‘ o pofrt on this ellspse drom

ofgn S the walue gh A,

- A= USVT_‘ let 2% colurnn be a?ven by ws,\N: r‘asPed:?ve_\\/ .
Tt con be Seen cleanly ol for every 5 AL: do & the direction ua. ws, scoled by Sp
> The r‘?a\t S?nju.\o_n_ veckors can be converbed to LeH: sthqulan Veckors.

F\\S:= S;: T Wke

9
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E_oye,s'l’an Skatleties

Ea'inf Efon Eo,\/e.s theorem (d?sue\:e?)_

X — digrete RV, Y- dicrete/cont. RV (modding obstred doba)

 Lskelthood » P(Y=9/¥=%) - Etdence % P(Y=y)= TP(X-x,Y=y) e doto fom obss

. Prtor > P(x=a) e obev . Pagefor 5 P(x=21Y=9)  gler cheowation
+ Hew, Y & krown drom expefiments . We 4y to model X from V.

_— normalfeing fostor

. Nebiee that  Patesfor = (Lshelthood) -LPrror)/ PU=Y) .
— TIn coxe o(}a.mt?nmub X3

 Lokelthood » P(7=3[¥=%) - Evidence & P(/=y)= sz(><=1,\/=3) tre doto- from obsy

. Proor > P(x- )d;{_ o PodeerSon AN P(X‘1|Y=:Ddx

+ Boyesian Anolysts upes prior oo " previous Hr\ou.)ledf]e.”, ord & woed when

te dota geb S» Small and (}Pn?l;e. Havfrg a Sood prior l-\nomledae S poremoust.

Example leks soy we have ‘;}:}T Crawon drom GouuSar With krown Vosfance ond urkroen Mean.

Bogesan strobeqy = mean ™M 3 drawn from o quistian with Jio, S gt

. TPe modil - draw Jr J-rom Pr‘ﬁ’or‘ PLM‘)) then data drom PLXIM'}»L)

Ma&mum A Psskeniort Estimate

N - (28
e Ptor— P(M-1) , Lohelthood = P (date/M=1) - Tme ™
=1

upon Coleula tfon, J),;_, = N (.Oe'.’aH:Ed meon od. ML £ mox. prio? &t .

ct:-e- e ¥a | 'H’e DO_LLLD. cax Ju Ln.)”)?ch m)(f,m?éeb 'H'E Pasbch?or‘ Prob dfsl;r‘?bu.t?on
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- Becoure we're mo.x?m“n’é?nﬂ Postestor [helthood, & & alse Krown an Poskescor mde .
« Trstead, we con (fhd the mean o» (}o(lows =
% "Poste;ﬁov— meon” o m?n?m'\’ée, enped:ed Squose. &vor.

ard e have o pror O ;

N
i=

te, 5?}' [Lx':}

pskerior = P(8) PO 5 e ufkh b midmpe £ [(6-8Y]
JP(x.8)de
]

' ’

- E‘_(é-e){) 3;; c &wﬁ?cn QJ’ é_, m?n?m?éefp df’nd. 6_*_!'
> Bee's postesior mean = E[0] whew PB)- posterion diskribuion.

= eony Produck o& 3cuu>s‘?ansz CHE™ - G (J-lh‘"al) Y GIaU"‘bJTSQ)

I
cele, -
2
g = o3 + o = B r.';l = T
ot T e T’:'

* Loes J-und:?on

-I 8 wor estmale of B, we soy tab we Tewn a’loes” baxed on Lossd-xmcl:‘fnn LL§/9§
- NOE(’.'H'Q{: 0 3 an kv o&-H-ue pnsbeh?o(‘.

. E[L@/S)J oo called Lhe R%M (\w\d:?onl and ths S» what we wish 4o minti2e.

+ Notke thot 8 L wo» q Squasad Loss Joction = L(¥/6) = (6-8)" — Esbimete which minimizes
sk fuetfon omuld be. © = postesfor mean.
@ Zero One Loss d—uﬁn
LB/6)- T (848 = R - E[I(e* é)] - 1-P(6-9 da&j Postenfor probatslity ghven b
» Sinflosdy, dor the contfruous cae., Let Loss be 13 ée[e-%: e*%]
g

< R‘é’k = I_ the)dg/_’ Pos&en‘l’or-‘l’ = we (075“) bd‘fnd é d-b" ‘H"\?s ']:c: be nn?n,
5k

Pt e-0=> I& B 3ot r'rie,J then thibm‘?n‘l’m‘?ég.d o> oy undex Hhe cuvve g lo:aust
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L
> PO)g.5 & mox tolua.
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@ Absolute Lrror Less - L(E/6) < |6-8| P©) - pockesfor

Reh = E[lé-el] - BJ(é—e)P(e)de + f (0-8) Pe)de
- 5

uled) w(ed)
Le?bn?% - % j&@,a)dz - LJ %_d”' + d@@’&)gﬁ - &{L@JCD ?_S\Lo_ = uve Hhi 'l:odw» Onda%d o*
L(e) (0
’é oo 5 LS
difoantloleg, | PO - [reyde -0 o [rede- ng@)de 28" 5 i o P
-cb -é —oo

I:TS“\U‘ In&*ormok?o 9]

» Tnforms abouk the amount ot ‘En(}onmafcf’on 3 nveyed by 8?ven dota. about
an unknown paramebes, quantftakively.
Observokfons
1. Tk (s eoden to estimote 0. posameben © (jrom a?uan dota. Y he %mp\’\ o&‘
okelihood Pde:“/e) vosus O peoks shaxply dor &moall chan ezafn S.
S, ldL/de} whould be [onge.
~ Nokfce brat 3 the pier hos oo Lage vedorce, the seelfaldlthy of ous
estiate 5o reduced. Try to draw S points drom +woo %mmé?ans
With diftewnt verdances. Th © & hign, dam wilbe all ovex, makfng

etimaten inaccusate.
a. I&- e Bkellhood doesmt ' peak” propehly wrt c\-worae;o h GJ rmore data.

Ehmpleb sUTIR +o e dro.ugn,

(Jolows grom :I_)
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— Assume that Ot S known. As stoted eondien, we might have to repeat the expt

few Emes to get a_qeod estimate of Otrw. Leb x: be the value gf Lthelfhood

ot O=Btw (oo the U expesdment.

* The expected valw o} the Slope of the [sg-Lthelthood (functfor ot 8= O, over

all dhe expenfments S O.

e E[g_e(»bapeﬁn/&))] = O (Cokuokirg So emxy ersugh )

Defdl Recauve the expected valuo 8o 2en0, the Variance o} Slope s ghen ani-
QA
2 - E[(dd—s LDQPLM/&))] = T(8t) = Frshor tformakion =0
t-e_, S&‘H'ﬂ amﬁ—)s weng SMJ-LP, then Vastarce would be Hl’sh ab well.
Rt

@ﬁ? Thstead o& vaiarce, We Could look ot Second desivative od~ the l.oa- (kelthood
dur\c’c?on, (a¥-) 3}; td[S un Qbﬁujl te Peo}(—hess" od the. am‘:h

fa'l

Toswns ouk, E aechaLPLdab/et))] = —I@t) ~ve gign becawe the qraphs peed to te

Concave - /\
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* Cramen Ras Lowen bound = 0pplfeable or unblased ectimators only .

- Tells up how geod a cloxs °J’ estSnators con eves be.
Let & be an uniianed entfmakor o ©.
5 Vo B0 2 Tt6)
. An unbleced egtimotor whete vaniance equols T(6) &% colled an Migmum vosfiance

untRoped  €8tPmator. MVUE

* i&g\/eﬁ’\m Cromese -Ras  Lowsex \pound -

Let X be fhe model o& a_ dobaset
Consider. P(*[8) be (thelthood wfth posametes O

Let PP?D"‘LQ)‘C[/K.Q/“> whe o S a krown hyperparameter .

-
E‘L(e}ov)l:EPWe)[Cé_ e)l] :] > (Eue/d) [J%(S)J + IbLe))

b
Jq(®) = J%Lelcr) 36 baqvtela)__jlde = Pror % or maton
51 Sxpected Vahmoé,{:he Squas. °$ glope. for

Joaq,te/w) v 8 greph.
. For Hhis tobe valid a few assurmptions axe Needed -

— q®/er) hon Jo be defied & a (hite fbonol (@B 5 wih §(8/«) -0 o»

B8-a or O-b.
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+ Jefferays Prior

- Aralyaes bow the prion charges when re- paxametriaakion Sk done..

+ A priee S 2ald 4o be Ueffeory's prm G Sk B frvesiiant wrt swpasamdriiatfon.
thot 8, the pion uchould be the Some for o new p= {1B) whena ¢ s monctorte.

PE) =« 18 & o Uejjerey's priee.

+ Conjugte P
* A pfor Sb gald b be corfusake 3 the postesfer and prior both belorg to the
Some (}om?l.y- The prior ord postesisr asw colled Cpnimaa.‘te Pge.
Ha\,?ra o corfugete prior ensuss thot the derominabor o T.ni:e\cjrqble and that

3& Ir\ao o closed dorm exPr‘ebs?on.

W See. d“‘bm alides Emrw.
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