Flow Networks

Suppose thet o Nebwork comsfste o} o Sowce, a Stk and these

4o rodes o connecked Vi Switches. The band wfdth 0&~ each connection
tsnk the same . At the same tfme, each oJ. the switch does cd:—’chrouah

Su.‘)‘itc\'\?n\c] without any Qmw QQ.PQC?{:V.

Sousue 0/]/<70\’0‘_>0 S
\c:/ Vo\]\/

/
>0

This System can loe modeled ubing G dfected qraph with two Special

hodeb_) +the Souwnce ord the 8hh.
Let the qreph be C—|(\/)E>) Source be 8 and Sink be t .

— By definttion, NO edge term?rates ok § ord 1o edqe \ae_a'?ns ak t.

Eoch edqe han 0. copocity (&), wNidh 8o the moximum posstble copactby
0} that P.dae_- e delne (&LP_)J on the copacity o} the edge In uxe cusoeently .

Yeek, O¢¢@ ¢ cle) Copoctty Constrairt

* Flow

Fo\low?nﬂ the example, each bridge hox o. data stream flowing through It As
no doka can be accumuldtad,  Ihword Jlow = Oubioand flow

J

(Strilar to Rirchogd's Law drom dectrfcty) flow constroit

Flow Networks Page 1



Freo

¢

— TThe outwands (Houj dor a node Os r‘epresented by d*_>(\’)J and Oo a?\ler\ by‘r

IROE Z L)

uwe\
(w,VNeE

The voluw ° twords (low & gimfloxdy dedined, ond S represented o QG_L"L

- Naluw OL)‘ 'U’)E. (I"OUJ ‘(H

The totol omourt of  daka '(]L\OUJ?hﬂ" through the network . Tk do given by

¥, and Sn calculatid ax shown.

Lemma. el = Yt = £ - 2 H® - (T ©
Ve vev
lev)v eE wHEE

From above, e con see thok
¢l = ¢ & + 0o
- Py TWo-

veVr {st}

\),7 O by How constrefnt

- > k(ﬁm W) §T©-0 by deffition

v e_\/_‘ it}

2 Pw- Y W

veV~iel veV it}

New no\:oi:?ong

- dﬁt\r\{c}) - FL\[\SLH)
@ @

Notice thot all C,daes oppear T @ av £ hos ro &\ou.) Le,o.\l?rﬂ k. Ho\_oCVU‘, the
?-d‘a% "supplying” t would not be present (@, Trese E,dae:o o lefe ofcer

subtroction.-
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= W= FEE)- Fee) - e
QED
» Flow Nektwerk notatfon
The networkk is represented on o dfrecked aeyclle graph, worth
desigrated source ond giok neden. Eoch edge s lobelled an
erLe)'. c® .

Capocity constrdints and ({ow constraints hase to be satfsfted .

FHES
QU s 0
\\V \D\O
a0 v 4
\ e
S e >o

INe would Bke to krow what the maximum poss?b\e QLlouJ % H2e network
Te. The ¢olloudng concept %s inbroduced for this.

« An (5.8)-cuk-

Let the ¢low network be afver) by G(V,E) Wfth s oo the %ource

ond t Jds the shk. An (st)-cut s a?\/en by Pomt?oh?nj V $nvto tuo

sets, S ond T which ow mud:ully exclusive ond exhawstive .

SED SGuT=V
peT = 50T =9
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ke Capai:?ty ¢or an @;};)—Cut &) & a?ver\ b7 -

cople Ty 2 Cl)

Notze houw only one dfrection
ueS, veT ° °
(L) EE ¢s considernd, ST .

— Mok pmb\em

Given a dlow network , we wish to &?nd the cut 0} Hhe Smph Wk has

the least possible copacity. For example,

* Ao Min Cut | copocdity — a3

—

[here e an Tnherent relofonship between max-glow ond Min-cut closees OqL

problems. The below lemma. hints ok what W could be .

Lerma Cons®der o ¢low network G- For any (5.£)-Cut (&,7) over this G, the \alue
Week. dualt by

Od— I¢) 2 CﬂPo"f"t){ LSJT), The (’_CLuLLI?{:\I s achefved when the dlow H\rou&h

&daoa ST % sotwakted and edq@ T—-S ore ovoided.

Progh NEENOE F(s)-qﬁﬁs)

hY dﬁ (2) Qb (Huu\a) = clwy)
b it Hion
= Zz CH}LJ\O < Z‘ _ CLL,\.)\/> ! dﬁ(}
wesS veT wes Vel
QL‘V)QE QL,V)QE
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Also notice that fhequalPlies are obtofred by ?Or\on?mj £ ©

and ‘tolﬂ?f\g (H_u»,\/) L o). —\F\erc(}or\eJ He eQuol?ty ~olds ?d~‘l

1) (P-LS)= O ——— T=9% edjes should e ?3hored
A )= cluy) — ST edger shoud be sotuwralid

e dejfne o dcw More c,onccP{:s ond Tdeon before {-,o.cklfnj Hhe
max-d—lou) pr'ob{em, These Al dcd random of frsk, bt 4he reavons wrll

becorme cleoxr an we move obead with the Solutfon.

Tdeat — Resfdual Groph
For o ghen flow network GMGE) and ¢ E—Z deffed with o valur of fow
|1 % the nebwork , the residual Groph Gy & deffned as follows I-
— Nodes n Gy are the some an nodes T G
- T} o edge e n G hao fed < cle), then o Similon edge uith
capacity c(ed- He) % present o Gy THis % colled the Forwand
Edge.
- Tfan edge & T G has (>0, then a reverse edye with

cpacity (o) T present In G¢ This % colled the Packusasds
Edge .

L0 oo - N
ST v O\ -
® - ® o |
e P NV

v

Flow Networks Page 6



Ableast ore and atmost two edges are added Trko the residual graph
o every ed\c]e, T G.

#%edﬂeb?he_[(} £ dx ¥o} f;dﬂeb?nel

Tdea |2 _E\_uﬂmenk?nj pedhs
For o residual graph Gy, et T be any poth drom s to £, wf

the rfum recfducl Co,poc?ty alon3 Yl poﬁ\ Be_?nj S?Veh b)l GUCJ 8.

Consider the Jollowing dur\d:?on b e (w9 then €'= (LW

ﬁuﬁ (r, ¢) |
b« O6(-t)
dor every edge ¢ €1C do
? e % a dorwand edge, then
Trcrease J© ™ G by b
else
decrease §(€') T G by b
end?qL
end&or

“That Ts, we're medilying the on?a?naL graph by ub?hj the ?n&ormal:?on

dmm the restdual SmPh' The reabon?nﬂ wsl be made deost shonlzly.
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+ Ford - Pulkerson's Algor?thm

e stote the algorfthm elow. The proo% for the Qlﬁorﬂ:hhn shall éro\low.

for Edge €€E, =k }€>=0 Tr?tfalfeafion

compuke (g —

while path T from s to t exieks ™ G Need o prove
¢< g“%h‘m‘) correCkness

end whrle

output (}

Q\thouﬂh e o.\aor‘?-me seems Nery eleﬂant, we have yeb to prove the

correctness ond the time complethy. fe a bk, we {Preb show thot

the o\sorﬂ:hm termfnotes.

1) Termthakon 0(} the QI%OP?‘UWM

We d?rs-l; make QN ansumpkTon -

Al dow Voluan ond copacitfes are ?ntegml, —®

At every “teratfon, (et ¢ be the updaled volus OQ[ How. Notice that by the
deffPtion of Aug(T,p) -

Igtl = 18+ Pug(©8) where Ayglme)e z
v

because. ¢lows belery
Wzt
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It con be Seen thot the Gllow T network bars an upper T3t Whleh o
denoted by Crmax-

N ¢ Crox = 2 €&V

veV
(5.\) EE

As the Volue of  flow keepe Tncreaning, and there's on upper lfmit;

e Srplies Hrot the Olaor?thm muxt terminake.

2) lime Anolysis

The value o} Jlow skosks ot O, and con Snereane upto Cmax by oo reinimum
of 1 of every Vteratien.
> Max. number of Pterations = Cmax
Accurne Hot VY= ond [El=m. TThen Jor eoch Eeratlon -
_ !\/\a?n{:a?n?na Gy —— O™
— Fund?oy poth Jrom sk — O(m+n)

- Runtfme of RAugq(r, ®) — OB) o= T con have abmoskt n- edgen.

> Total time % bourded by O(Cw Lm”‘))

For connected arophs, we uouwally ossume thet Mm>»nN = man am

“Runtfme % bounded by O (CmlE))
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3) Correctness proog-

Let the ()?na(. value of tow obtoired from the Olﬂoﬁ’thm be + . Let the
corrcspond?ng restdual ﬂmph be Gw‘ “The algortthm  termfnates when no path

exisks dfom s b t. D&é?nﬁ two cets A_‘B 0 &OUDUOSK’

A — Nertlees reachoble by o [ia) C_W

B — Vertices rnot reachoble by & n GW

Notfe thef A,B dorm o cub om tre sebs postftfon the vertex et Tnko Lwo . %7
Weak dusltty dfscussed eomlfer :-
£ < caplr,®)
We shall preve that all edges drom A+ R o sofunaked, ond oll edges from
B >A o ?@'\orecl.
(M Let JeekE Q‘Lrom R>p ot QLLe) < c(e)
Ry meors ot @ orwond edge exdsts o Gy drom P>B .
A direct cortradictfon to 4he definiBon o B
JoNo such e existe
an Let Fe grom B> R such ok §(ed>0
Means thak oo reverse edﬂa from A exfsts.
= ¢orwand edjp, Jrom AR = CDF\b"O..d?CEIJDh'L

S No such e existe

By weok dualfty, Tt has been proven that £ % e madmum possible Jiow

and olso, (A,R) s the mincut o the gven nebwork.
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Note thok the fme taken b?' the Cdaor?me can be &usd:hu* reduced by C\t’.\lﬁhl7
chooeﬁnﬂ the path T token by the algortthm. Onre of the heurtsticse discussed
b\/ Pelrmon and Ford Won to choose the dortest poth drom s Yo t.

However, other hewfsffes onn olvo present.

We shall mow look ot @& deu: problems wheeh can be conpverted Thto the

mox-dlow problem viow clever moantpulation.

1) Nurnber O& 5 JOTnt FO.JChS

Two paths T ond T ove sofd to be disjoint § mo Cormen edgqe edets
betweeny them . Given a graph GWE) we would Ifke to §fnd the pumber
of d%joint poths drom & to £. Nete thot the dollowig paths e dieieint
o well.
common
/ \ »//\ \'U‘f’;l: O;Pa\f\o
\ e TN

(:_‘l
Dedie. o ow network with the same Smph G aond c(@=41 Veelb | For

s retwerk, we skolz ord prove the dollow‘n’na Lemmo..

Lemma.  Number g} dijdint edges 0 G Te equal o the modTmum flow possibe ©

G\‘J prov?ded the (}\ow values Sn G o ?n{:&sr\aj.-
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Beog As the (low value % on Srteqer, the valwe of (l6) =0 or L gor ony
edde. We Thterpret QLLE) =D o» thot Ed\c]e hot be‘\’mj o pant of ony
Cl'-’s'j’o‘l’nt path, ond d{e_‘) =1 means that Qdae, be[orﬂs to oo pakh the sek
%} d’s joour\t P&ﬂﬁs.

Both directfons of the Tmplfcation can be proven by contradPctfen quite

eoua?ly. TRs concluden oux proot.

1-2)  Network Conna;t?\ﬁ’cy problem
GRen a groph G(V.E) ond steV, we would ke to $ind the smallest sek

FCE sush that ro path exfsts between st Sn the groph (‘q'(\;)E\F) ,
It con be %u?te cleasdy seen thet the leost volun o} |F) would be equak

o mafmum number o} dfsioint paths. Therefore, P prodem cam olwo

be converted to rax-fow, olbeft fndfrectly.
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2)  Maximum Bipasdite Mat CHDD?]

A bipattie graph hos two sets wHch postfor  the \ertex k.
Al edqee ™ the groph are between these sets.

Srllasdy, a m(ﬂ:ch?ﬁj & o cubeek o} edge such that

No vertex Ts shaxed by tuwo edqes ‘be\ma?r\g Lo the cubset.

G?vcn an und?rected b?POJIt?te amph G\(\/)E) oyth  \= X,0X3
Wwe. wish to Ql?rwd e Loﬁnae)ot poss‘\’bk mc@ccb?na.

We congtruct o low retwork G' ¢rom G an follows -
# For weX and veXy | §f (un) € E then odd
a dfected edge (w¥) » @'
+ For o new node S, add edqes from 8 to every node fn
Xy,
* For a rew rode t, 0dd edges drom every rode i~ Xa to L.

s+ Sek copocihy of every edge a» 1 n G
For this (}\ow betwork, we stals ond Pprove the (}o\\ owing \eroma .
Lermma. et G\I be the &\Dw network construcke d (}or o b?pOJLH ke 3(‘0.Ph G. For

s 3r~o.p\\) o mai:cmnj ™M % POSS?b\e. ‘\’H o &\ow G \(‘[\=\Ml

fs possible.
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Proo(}

Coroond
et

&
\Re®

Pt

Forward dfection % trivial. Lt X be o cet of vertices such thot-
X C X, such thot NueX TFuoeX,, (W) eM
Stfloanly,  Xa & Xa such Hrot Mvexd Fue,, (ua) e™
The flow though omedge fs 4 % Pt belongs to the moJ:dw?nq, Also, edqes
from s o X) and X3 tot o olmo 4.

Tt cor be seen that |§=\™M| .

Gien @ With oo fow [, we need to create o m’cchfna ™M such thot (™).
e skale the dollowing-
(L) E M T wex,veXaond flun)=1
By defffon, H= Ml Tt con be seen Yot ™M must be @ moteking
Resurme ™M wosnt o mcd:dw?rﬂ.
= FoeX, which hos two edges. (e, ond €5)
3 By construction of ™, fled- e =1
Howewer, only ore edqe To direcked towards o i &
> (@ # {5 ) — conbradickfon.
oM o mcrl:(i\?nﬂ.

QED
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