CsGool - Game Theory

Pt 4
TIntroduction,
NFG + Noxh Eqb.
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InTRODUCTION To GAME THEORY

We shall Jocws on Algorithmic design and analysts and we gome theory ﬁx«.
ubd .
That 15, we shall des'\dn a game such thot o Jwoxonable outcome o achieved.

We shalk be Sapraventing Jomes n the j-o\\ow?-n mannex -

N R EN
& |SS | o6¢

= The Brisenex's Dllemma.

A>| 6,0 |21

The Jirsk element of -the tuple in the uiiltty of player A, and tecond element b -the
ukility -‘\u- Ployex B.

A gome % a abrategle ‘benaction between plojors with a. asbratesy.
nan?n3 Jrom sbdte - octfion

NofmaL Form Games - Jooren whexe. each Plo.\,ez makes a. choice
ond the gome endh one evexy ployes hon Made
o. cho'tce

Pgerls ona- gatumed 4o be -
Rotional — denires the Hshb'b u.b’.\ﬂ;]
Intelligent —  knows sues ofthe qame and picks actfons anbuning
othex Jtationol and 'mtel\.‘?ae.nh pecple.
& ha» erough info to computh the “optimal”  solution

Wledse
A Game O CHess lhoo common RAOWECY

TThe natuscal quustion -that We pexe Qoo
1) Dees W/B howve o winning stroteqy)
N Doen eSther have o shrategy to enswa . Y
%) Are neither pessible ?

P uinning sbrabegy by % such that 4 8g, (55, bg) always ends % I uSining
Draw guranbeding sstrateyy " , (B, 58) $a oliways ether a draw or A Wins

Bruer W Has A Winming OTRATEGY
OR & Has "
OR /B Have A DRa-GUARANTEEING STRATEE)Y

Con prove quwite eoxlly ws?no *ducton over dubbrees and node- count .




Tnduckive
hypother

Tnductive
Step

Construct o qome tree ufth o node be'-'rn o tbde
T'(x) - subtree rooted ot =, ‘u’nc\ud?ra 2
Nz - pumbex o} rodes n D H Ne:dl % x W touninal

Tnduction Overr Ne

Ne=i & Considoe @ tenminal qeme bk
3 The stolument % vocuously true

Cons2don that the stolirnent ho\db-\&orulkmdnb y uh Ny< R

Work Jrom the betborn-up.
Considor 0. rode 2 with Ne>1, 0nd y to be o descendant of %
ny40-‘_
WLOG, oxsume Tt b uwhite's tunwn ok 2, ond blacks tunn ob y.

Goze 1) Ny, Block bos a. uo‘inn?nd &
> Noting ot = con Stop  @wack From w“’““?'ﬁ
S Block hox "ween” ok 2. - @

Cone &) Fy, Whe bos o wWinning wbratigy
3 Simply P‘-’d«’uﬁa‘t X
3 W hos o wﬁnn?nd vk ok 2. —0)

Coxe 3) 33, Qlock hos no ua?nn'ﬁn strot ond
Ny, White has no wWinning strat
S From hypothests, both Bl hove a gbrob to draw
2 Pidk dhott)
Now both Blw con seoch a dxaw Jrom x —B

Al copes Covexsd.
Staurment proven ub?ns &rocn mothemodBeol nduckion.

Repaunenting Normal form games seoe Scrokel
N = i',a, Bo0 n} - &t 0" P\Q_\,w %" , ;\‘_ [ \:.b 6.;‘-\1& ‘v'LG.N
Su = seb of sroteges for L'th player
S - = evewjone except U'th playex

N o) 4~ = XS;
(5t,8-4) S leN

Set of stralagy projffies

Ut'um‘,\’ Jor P\a\le’t t

w:S->R

NFG - (N, (Si-);_gN ' (u'.‘);.tN>




OorminaTtion IN NFGs
Loosely wpeaking, o strolegy 3» &o3d bo be dorfindlad when theow exists some othex Srokegy
Which o very cleardy bdlin -than -the cwoant one.

Formally, A;€S; Jn %3d to be xbricly domindlad i} Fx;eS; bueh that
'VS_-'Q S—i. , u.;_kb;_,b_;_) > U.'L(.b'.:, b_}_')

Similonly, »:€ S % safd to be weakly donfindled i FhieSy dueh thob
Ns.eS., wi(ng, 83) 2 wi(sy, bY)
ond In.eS;, wley, b)) >w e, by)
\
rot. seally "domirating’ 7 beth hove some wlilittes
dor ol o,

Similonly, o strabegy oy 3 SRty [WEAKLY DomnANT i b xbeictly [weakly deminalis
oll other strologies o7 € S;vist)

DominAnT STRATEGY EguinaRruM
A profile S" i the steicty /weokly domPrant tstrobegy eqb. i} evoy 5 €S
% xkricbly /weokly dominant.

Rational Outcomes of o
A player wowld never ploy o dorinaled %kraligy.
> Con we gimply elinfndl these strobeglen to get the rotfonol outmmy. )
NoO.
- Ordoe of elimination Jor SDS doen met mallese
- Howeverx, ordax doen mallsn jor HDS | A possibility of el?m?mﬁns national outcoma
exsts |,

Moreover, dominont sl:ro.\:e.a?a / DSE %s net Suman\uae,d to exist |
A
P& L | ® Co- ordination gome
L

L1 | 0,0
R |o0 | )

To deol With theve drosobocks, uwe Tntroduce o rew eqb.



NasH EqQuilisRium

A stroteyy proftle [5:. 8:) S» o Puw Strofegy Nosh Equilibrium (PNE) if

YieN, ¥ope S wilst, 88) 2 uiler, 83) ©
- - oo (mo.losou-l'p o local moxiema!

Note thot (L,L) and (RR) oxe P5NE h the ®-ordinotfon So-me.

Best Response Vrew
The best Susponse o} playex 1 ogainst B: 3» o strategy thot gives the mox ulility.

Blai) = {'b;_e S | wi (g, 52) 2 wlal b2) ¥ 2 e S'.}

It aan be proven Hhat PSNE % o profik (.;:..b::) Such that

= h. ﬁ.
Vien, s e Ble) | No owlional playex wowd dextoli from %!

IDSE PSNE

Max-MiNn STRATEGIES

We hod omsumed oll plyers 4o be ationol when computing PsNE.

This apsumption T ddsky an we might gek o towibl cusult 3} the other playex
usen On un-optimal  strotegyy-

A
SN LR L (a) B PSNE, bub oitky Jor PA

T |31 ]3.0 i P2 plays L, P4 gebs -10 which is quite bad
™ |-10,0] 5.1

The worst-cone optimal choice % colled the max-min optimal strabegy.

' 7 For o s?ven o7, Whot i the worst cowe
A, € omgmox  min uz(n;, b ubility?
- Uots ses, oF 2> b2

l - mx?m‘fae this worst core LAY

The mox-min Golue I the leost possible ubiltty Jollousng the max-min strotegy.
Oy = mox  min w (o;, o)

= 5eS; AeSy
mOXIN
5 ugls, 5y)2 % V»pe8§,



o Ko ot dominatt srategies
reor$ed P T2 o e J

Theorem | I} 8} 3» o domPnont xstrategy for plajex i, then Tt {5 also o mox-min strabegy
p@ Cone 4 - Strictly dominort
From <the defn $tself, u.;_Lb:':,b_-) > uwilng, by) ¥ AeSs {b‘{}
YV o:€5;

Defire o new Junction wbich takes »; ox axgument ond gives the worst
P posstble &

SP(s0) = oxgn uilen, £2)
A€ Sxs

From the dejn, it holds that . .
u (et £ @) > wls:, b'_'.:"(ﬁ;)) Mo, € S}

_"\Qt :b, j'or eVU(y -b."_* .b*;.
2% qds the but possie ulflity even %o the worst cove
scenaddio
S x5, T mox-min S:r&l:es7

Similox proo) jor o weokly domPnant ttrateqy wsorks.

Theorem | Evey PSNE & = (&Y, ..., Bh) of NFG &akisifes wupl(st) 2 Vi
v
thot s, ubility n evoy PsNE would be otleont
+he worst-coxe max- min .b{:roi:eayb ukiliby

%9&' From det. o} PsnE,

)
wi (s, 63) = mox wylsy,85)

bb

rjm de}. of mMin

v

mox win w; (by, 523)

L H 2%

\v

LK
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lteraTeED EuminaTion Of DeminaTed StRaTecies

We shall how look ot effects of Ttexoted elimination on :-
@ PSNE
® Vi - maxmin volun

Constdex an NFG = (N, &, wi) ond \.e{: >, eS be 0. dominated ustrobegy.
Let the susidual game ofbec removing be Gq

e musin ook Jor J T both G and & o equal | MO TIRT

Let moxmin Tn Gq-}or\, = , = \::?x rtb\tp e, b3 5 o€ S;
§ =)
" A » -~
Grd = ©; = e n;m us a5, 53) 3 o€ Sy ik
v K
Cros)_by Contradiction

ssume. \35#'(93 = 33 I3 Y3 > .;3 waox the only mMox- mMin 5'\7‘&\76-37

S 2 = angmox mh uil®y, b))
) J N oy d J
however. .’7;3 S dominated = omgmax  Cannor yield .1’;3

ConrrRADICTION |
—

Consider. 0 NFG G ond Mot G be the o.jl:v«. d?m'u’rut?on of o mot neccssm-.‘-‘ly dominated
xbroteqy. If profile & 7s PSNE 30 G; omd %t swuwives in C-,
Tren -b PbNE [1s) Q on wdl'

S PSNE t» G = U.'l\s;_ . b:;_) LNV RY kb‘;_, b’,z) 5N :-GN, N .b|:_€ S'._
Let ployer ys s; be Swmoved A
J*#t o B extsts In G

3 Srequoliby of maxima unojfectsd !

Lek -gs be o wenk‘y db"n?hﬂﬁ.d Sh'nbﬁ‘f ;"01‘ G, ond e\lmun |n3 .-b \ﬁe—\dh AG

E A — News PSNE cannot form)
Evoy PSNE of G s also a PSNE for § O onto may be i

55 s weakly dominalad
2 3 .b“" e Ss\{bi} Such that u-:,(.b'i, b_:‘) 2 u\-‘\.bi,b_:‘) N b_:,e S-:‘

Let the profile &' bc @ PbNE X 6,
t=3 .x> es L8
For th?s 10 be o PNE T G, we need JRmtollmmcwou.d hase

*

ok"’y 'o) > wy(ny, by




Theorem

Usirg the jact that »; on dominalad;

) * % N ” . *
3ES; . e .1:_3) 2wy, m5) 2 uﬁ"’"b-i)

(S

J ]
P5NE LoD

]

B s PSNE T G on well.

SumMmARy
= Removing SDS hos o effect on PSNE

- LS mMay Swmeve PSNE, but never addn o rew PINE
= Maxmin of o. playen i unadfjecbed by Sumoving elthe

Matrix GaMES (Tuo PLavER ZERD Som)

A speciol clons of NFGs with — N =9
— u+u,=0 M seS

LR LR Ge'd  elements
L faalal  — , t]alalt oe et pavers
R |00, ROV [OCL o
9 H
-4

TRe caleulation o} mox-min Jor playor 4 3 unchorﬁed. ?
Player2 needs to compula min-moax Snsteod |

SanorE Pont Jor the motrix %5 when o Nolue % mox jer PL but afin $or PAa.

alor:) row o.lons col.
In 0. robrix gproe with ubility u,

(5,5 o o seddle point IFF (5 5) 3 o PSNE

Shellox to NFG, defire -

POX-TNI ) mox min (b, 52)

oo '—" B >U  AWAS!
min-mox VO = min mox Wik, b)) -
By By

A mobrfx game hos PSNE [T] B=9= wlbibs) 5 ond (5. 55) s olo o PSNE




